This paper presents a new memristive hypogenetic jerk system with sine memductance. The memristive system owns four line equilibrium sets, from which periodically switched memristor initial boosting behaviors are observed. Numerical simulations of two-dimensional largest Lyapunov exponent plot, bifurcation plots, and phase plots are employed to reveal the boosting evolutions. The results indicate that the memristor initial boosting behaviors display obvious cyclicity. In each cycle, infinite coexisting attractors are founded and their positions switch between the two line equilibrium sets composed of index-2 saddle-foci. Furthermore, the cyclic width can be zoomed in or out by an introduced cyclic width controller. Thus, the periodically switched memristor initial boosting behaviors with the cyclic width controller can be adjusted to obtain the initial value domain with more suitable dynamic range or better controllability, which can set good foundation for the control of extreme multistability. Finally, PSIM (Power Simulation) experiments are performed to verify the numerical results.
I. INTRODUCTION
If only initiating from different sets of variable initial conditions, a system trajectories can drop into attraction basins with differentiated dynamics, then, the dynamical system is with multistability [1] - [4] . Additionally, if the types of the attraction basins are infinite, the system is with extreme multistability [5] - [7] . Multistability ubiquitously exists in natural sciences [8] - [10] and has attracted much attention in recent years [1] , [4] .
Several methods are reported to obtain multistability. (i) Adding a small amount of dissipation to conservative systems [1] , [11] . (ii) Coupling two dynamical systems to achieve partial synchronization (partial complete, partial anti-or mixed-synchronization). In this way, the generating infinite coexisting attractors exist within the synchronization manifold [12] , [13] . (iii) Adding a certain number of equilibrium points into nonlinear systems by introducing ideal memristors [7] , [14] or nonlinear control parameters [4] , [15] . Among those, the third one is the easiest way to produce the phenomenon of extreme multistability. The memristor-based The associate editor coordinating the review of this manuscript and approving it for publication was Jenny Mahoney. dynamical systems commonly have infinite equilibrium points, such as line equilibrium set, plane equilibrium set, or even space equilibrium set, which are related to the initials of the memristor inner state variables. While initiating from a specific set of initials, the system trajectory will surround a nearby equilibrium point in the line, plane, or space equilibrium set. So, the attractor positions move with the chang of the variable initials. This special phenomenon is a manifestation of the memristor initial-dependent multistability and has been defined as memristor initial boosting [16] - [18] . The ability of polarity control of the chaotic signals contributes to the extensive research of offset boosting behaviors [16] - [20] , which is benefit for bipolar or unipolar signal needed hardware, like A/D (analog to digital) converter. Besides, the initial offset boosting behaviors are also used to generate multiple attractors.
Characteristics of the memristor initial boosting behaviors closely rely upon the features of memductance function [16] , which implies that the boosting route can be designed by constructing appropriate memductance functions. In [16] , the multi-dimension, nonlinearity and non-monotonic memristor initial boosting behaviors were induced by the two non-periodic memductance functions. In [17] and [18] , the amplitude and frequency boosting behaviors were explored based on a memristive system and a memristormeminductor-based circuit. By these means, the positions, attractor types, amplitudes, and frequencies of the coexisting multiple attractors can be controlled [21] .
Recently, the trigonometric functions, such as sine/cosine function, hyperbolic sine function, and hyperbolic tangent function, are introduced into dynamical systems to obtain N -scroll attractors [22] , N -wing attractors [23] , and infinite coexisting attractors [24] - [27] . These nonlinear phenomena are caused by the cyclicity of trigonometric functions. When a memristor with sine memductance are introduced into a dynamical system, a question to ask is whether the memristor initial boosting behavior will be cyclical. If so, this type of memristor initial-dependent multistability can be controlled in one cycle instead of the whole initial dynamical range. It will greatly reduce the difficulty of multistability control. Inspired by those, a new memristive hypogenetic jerk system [28] is improved by utilizing memristor with sine memductance to replace that with absolute memductance in [29] , from which periodically switched memristor-initial boosting behaviors are observed and investigated.
The rest is organized as follows. In Sect. II, an ideal flux-controlled memristor with sine memductance is proposed, upon which a memristive hypogenetic jerk system is constructed. In Sect. III, the memristor initial boosting behaviors are simulated and analyzed, in which the control effect of the memductance function is mainly expounded. Besides, the variable offset boosting is also revealed. In Sect. IV, the circuit design and PSIM experiments are performed to verify the two types of boosting behaviors. The conclusion is given in Sect. V.
II. MATHEMATICAL MODEL AND LINE EQUILIBRIUM SETS
Periodicity is one of the most common laws in natural phenomena. Therefore, a new memristor with nonlinear and periodically multi-valued sine memductance is proposed as
where v is the terminal voltage across the memristor, the magnetic flux ϕ is the integration of v, and W (ϕ) stands for the memductance related to the magnetic flux ϕ. When a bipolar periodic signal v = Asin(2π Fτ ) is supplied, the voltage-current curves of the memristor with different values of the frequency F and amplitude A are plotted in Fig. 1 . It can be seen that the pinched hysteresis loop gradually shrinks with F increasing from 0.2, to 2, and then to 20 in Fig. 1(a) , and keeps pinched at the original point with A set as 1, 2 and 3 in Fig. 1 (b), implying that system (1) satisfies the definition of the memristor.
Substituting the memristor with absolute memductance adopted in [29] with the proposed memristor with sine memductance, an improved memristive hypogenetic jerk system is constructed as
in which x, y, z, and w are the system state variables, and all the system parameters are fixed. The equilibrium points of (2) can be easily calculated by setting the left-hand side of (2) to zero, which are not associated with the memductance function. The improved memristive hypogenetic Jerk system has four line equilibrium sets characterized as E 1,2 = (±3.3, 1.3, 0, η) and E 3,4 = (±0.7, −1.3, 0, η), in which η is any real number. It can be found that E 1 and E 2 , as well as E 3 and E 4 , are symmetric with respect to the x-axis.
The Jacobian matrix of (2) at E = (x E , y E , 0, η) is derived as
The characteristic polynomial equation is deduced as
Obviously, the eigenvalues of (4) are relevant to the algebraic symbols x E and y E , and the function W (η). The eigenvalues evolutions with η increasing from −10 to 10 are plotted in Fig. 2 . For E 1 and E 4 , x E and y E have the same algebraic symbol, thus the calculated eigenvalues are illustrated in Fig. 2(a) . While for E 2 and E 3 , x E and y E have different algebraic symbol, and the corresponding eigenvalues are Note that the evolution of the eigenvalues is cyclic and its cyclic width is 2π, which is consistent with that of W (η).
III. MEMRISTOR INITIAL BOOSTING BEHAVIORS
In the following part, MATLAB ODE45-based Wolf's method [30] with the time-step 0.5 s and time-end 20 ks is used for calculating the largest finite-time Lyapunov exponents (LEs) [31] , and MATLAB ODE45 algorithm with the time-step 10 ms and time-interval [950 s, 1000 s] is used for depicting the bifurcation plots. To display the initial-dependent dynamics with more details, the one-dimensional LE spectra and bifurcation diagrams of the state variable x are figured out, as shown in Fig. 4 . Note that the second LE indicated by green color always equals to zero due to the appearance of ideal memristor [21] . In Fig. 4(a) , the first three initials x(0), y(0), and z(0) are set as 0, and the forth initial w(0) is altered in an observation region [2, 8.3] that is lightly wider than the period width 2π . It can be seen that the LEs (except for the green one) keep continuously changing, and the bifurcation diagram has a piecewise bifurcating route. Thus, the w(0)-dependent dynamics within a complete cycle is fully demonstrated, which indicates that the infinite coexisting attractors are emerged with w(0) varying, leading to the appearance of extreme multistability. In Fig. 4 Fig.5 .
B. LINE EQUILIBRIUM SETS INDUCED SWITCHING PHENOMENON
The fourth initial w(0) is chosen as the memristor initial boosting controller. As discussed in Fig. 4(a Fig. 5 , the attractor is boosted from period-2 to period-1, back to period-2, and then to chaotic, back to period-2 again, finally to chaotic in the observation period. Details of partial different colored attractors are listed in Table 1 . The attractor offset boosting behaviors can be revealed by calculating the mean values of the state variables, as shown in Fig. 6 . This figure can be divided into two parts, including the first part (2, 5.79) for attractors surrounding E 2 , and the second part [5.79, 8. 3) for those surrounding E 3 . In each part, the values of mean(x), mean(y) and mean(z) keep unchanged, while the value of mean(w) gradually increases, which indicates that the attractors are boosted along the positive direction of w-axis. Different from [16] , the two typical boosting behaviors of the oscillating state boosting and position boosting are all found in the improved hypogenetic jerk system.
The system (2) possesses four line equilibrium sets, in which E 1,4 are two unstable index-1 saddle-foci and E 2,3 are two unstable index-2 saddle-foci. The index-2 saddlefocus is attractive, whereas the index-1 one is repulsive. Thus, when the trajectory initiates from (0, 0, 0, w(0)), it can be boosted to E 2 or E 3 randomly, leading to the coexisting attractors switching between E 2 and E 3 . The periodically switched memristor initial boosting behaviors revealed in this paper have been rarely reported before.
C. CYCLIC WIDTH CONTROL
A cyclic width controller c can be introduced into the memductance W (ϕ) to control the cyclic width of the memristor initial boosting behaviors. The improved memductance VOLUME 7, 2019 function is written as
When the controller c is set as 0.8, 1 and 2, respectively, the bifurcation diagrams of the state variable x with respect to w(0) are depicted, as presented in Fig. 7 . Every bifurcation diagram presents the visible cyclicity, and its cyclic width l varies with c changing. Since the cyclic width of sine function is 2π , the cyclic width control function can be yield as
With the cyclic width controller c, a whole multistability cycle can be boosted to an initial value domain, which possesses more suitable dynamic range or better controllability.
It should be noted that as some differences can be founded in the bifurcation routes with different c, the bifurcation cycle is not just completely copied.
D. VARIABLE OFFSET BOOSTING BEHAVIORS
Additionally, system (2) is also a variable offset boosting system [19] , [20] . By adding a constant controller K to thethird equation of (2), the variable x can be offset boosted to any level to obtain chaotic signals with suitable polarity. Thus, the system can be rewritten as
In this way, the four line equilibrium sets are modified as E K 1,2 = (±3.3−K , 1.3, 0, η), E K 3,4 = (±0.7−K , −1.3, 0, η). Since the attractors and the corresponding attraction basins all surround the equilibrium sets, they will be shifted to the left with K > 0 or to the right with K < 0 along the x-axis, and the moving distance is the absolute value of K . The controller K changes the average value of variable x. As a result, the controller K should be limited in a certain region according to the output dynamical range of the physical circuit.
Three sets of the initial values (x(0), y(0), z(0), w(0)) are used to figure out the variable offset boosting behaviors, i.e. (−1, 0, 0, −0.6), (1.14, 0, 0, −0.6), and (2, 0, 0, −0.6), from which the system trajectory drops into different attraction basin when K = 0. If the relative positions of the line equilibrium sets and the trajectory initiating points remain unchanged, namely setting the initial values as (−1−K , 0, 0, −0.6), (1.14−K , 0, 0, −0.6) and (2−K , 0, 0, −0.6), the attractors state will not be changed, as exhibited in Fig. 8 . Note that Step-diagram of the maxima X of the state variable x, the initials of (2) are set as (0, 0, 0, 1).
the periodic limit cycles with little jitters, exhibiting like a quasi-periodic attractor, are caused by the critical stability associated with the zero eigenvalue of (4).
E. REMARK FOR SYSTEM NUMERICAL SIMULATION SENSITIVITY
Based on the computer-aided design methods, dynamical behaviors can be revealed and analyzed for various nonlinear dynamical systems. However, the numerical simulation precision has impact on the dynamical behaviors [32] , [33] . In this paper, a step-diagram is figured out to check the numerical simulation sensitivity on the proposed model, as shown in Fig. 9 . The time-step region, time length, and initials are set as [0.1 ms, 50 ms], 1000 s, and [0, 0, 0, 1], respectively. It can be seen that the numerical simulation results are repeatable in the whole observation region, implying that the proposed model is low sensitive to the time-step of numerical simulation.
IV. PSIM EXPERIMENTS AND VERIFICATION
Referring to [29] , the realization circuit of system (7) is constructed in Fig. 10 , in which two negative absolute circuit units, one memristor equivalent circuit unit, five op-amps, three DC controllers (namely, V 1 , V 2 , and V K ) and some discrete circuit elements are employed. The negative absolute circuit unit marked as −|·| in the green box refers to the circuit given in Fig. 8(d) of [29] . The sine function marked as sin(·) in the green box can be implemented by a trigonometric function converter AD639AD in the physical circuit. According to the circuit schematic in Fig. 10(b) , the memristor emulator unit can be modeled as
where v ϕ donates the output voltage of the integrator U 6 and g is the gain of the multiple M 1 . Based on Kirchhoff's laws and the component voltagecurrent relations, the mathematical model of the realization circuit is derived as
where the variables v x , v y , v z are represented for the voltages across the integral capacitors, and RC is the integral time constant. The equivalent realization circuit and normalized models satisfy the equations of t = RC τ . The circuit component parameters are listed as R = 6 k , R 0 = 10 k , C = 33 nF, R a = 6 k , g = 1, V 1 = 1.3 V, V 2 = 2 V and V K = K V. Note that the designed circuit in Fig. 10 is also the realization circuit of system (2) when the DC controller V K equals to 0 V. The memristor initials, i.e., the initial capacitor voltages, are hardly to be set in hardware experiments. Considering that the memristor initial boosting behaviors cannot be fully demonstrated by randomly switching on and off the hardware circuit power supply, PSIM simulation method is utilized to confirm MATLAB numerical results.
When a sinusoidal signal v M = Asin(2π ft) V is applied to the memristor emulator unit in Fig. 10(b) , PSIM results of the pinched hysteresis loops are plotted in Fig. 11 . In Fig. 11(a) , the stimulating amplitude is fixed as 3 V, and the stimulating frequency is set as 1.01 kHz, 10.1 kHz, and 101 kHz, respectively. In Fig. 11(b) , the stimulating frequency is fixed as 5.05 kHz, and the stimulating amplitude is set as 1 V, 2 V, and 3 V, respectively. PSIM results show that the hysteresis loops keep pinched at the original point, and shrink with the stimulating frequency increasing.
Let the DC controller V K and initial capacitor voltages v x (0), v y (0), v z (0) all equal to 0 V. When the initial capacitor voltage v w (0) is set as 2.1 V, 3.1 V, 4.1 V, 5.1 V, 6.1 V and 8.1 V, respectively, PSIM results are depicted in Fig.12 . It can be seen that the attractor is boosted to the positive direction of the w-axis, and its oscillating state is boosted from period to chaos, then back to period, finally to chaos again. Afterwards, the initial capacitor voltages are fixed as v y (0) = v z (0) = 0 V and v w (0) = −0.6 V, v x (0) is set as −1−K , 1.14−K and 2−K , respectively. When the controller V K is chosen as 7 V, 0 V and −7 V, PSIM results are plotted in Fig. 13 , which well match with the results in Fig. 9 . Here, the PSIM control options are set as time step 10 −7 , total time 0.5 s, and print time 0.3 s, respectively.
V. CONCLUSION
In this paper, an improved memristive hypogenetic jerk system with sine memductance is presented. The evolutions of the memristor initial boosting behaviors are explored based on the numerical simulation plots and verified by PSIM experiments. It can be found that the memristor initial boosting behaviors are affected not only by the equilibrium sets but also by the memductance function. As a result, the coexisting attractors are periodically switched between the two line equilibrium sets with index-2 saddle-foci. Besides, we also found that the cycle width can be zoomed in or out, which allows the initial value domains to have more suitable dynamic range or better controllability.
The introduced memristor with sine/cosine memductance can make the memristive system exhibit the periodically varied memristor initial boosting behaviors (memristor-initial dependent multistability). It could be applied to achieve chaotic signals with appropriate polarity, to yield infinite coexisting attractors, or to control multistability with suitable dynamic range or good controllability [34] . HUAGAN Since 2011, he has been a Lecturer with Changzhou University, China. He is currently an associate professor. He is the author of more than 30 articles and 10 inventions. His research interest include memristor and its applications, and memristive neuromorphic circuits.
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